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CONTINUITY OF LYAPUNOV EXPONENTS FOR
NON-UNIFORMLY FIBER-BUNCHED COCYCLES
CATALINA FREIJO AND KARINA MARIN
Abstract. We provide conditions which imply the continuity of the Lyapunov
exponents for non-uniformly fiber-bunched cocycles in SL(2,R). The main
theorem is an extension of the result of Backes, Brown and Butler and gives a
partial answer to a conjecture of Marcelo Viana.
1. Introduction
The notion of Lyapunov exponents goes back to the work of A. M. Lyapunov
in the late 19th century about the stability theory for differential equations. It
was extended to the field of ergodic theory by the results of Fustenberg-Kesten [12]
and Oseledets [17]. Lyapunov exponents also appear naturally in smooth dynamics
through the concept of non-uniform hyperbolicity introduced by Pesin [18].
The theory of Lyapunov exponents for linear cocycles grew into a very broad
area and active field. In this work, we are concerned with the continuity of the
Lyapunov exponents for linear cocycles in SL(2,R). That is, we study how the
Lyapunov exponents vary as functions of the cocycle.
Discontinuity of Lyapunov exponents is typical for continuous SL(2,R)-valued
cocycles over an invertible base. This has been proved in Theorem C of [5] as a
particular case of Man˜e´-Bochi’s Theorem. More precisely, in [5] was shown that
the only C0-continuity points of the Lyapunov exponents are the cocycles which
are either uniformly hyperbolic or those with zero Lyapunov exponents.
Even though, discontinuity is a common feature, there are some contexts where
continuity has been established. Bocker and Viana [6] and Malheiro and Viana [16]
proved continuity of Lyapunov exponents for random products of 2-dimensional
matrices in the Bernoulli and in the Markov setting. In higher dimension, conti-
nuity of the Lyapunov exponents for i.i.d. random products of matrices has been
announced by Avila, Eskin and Viana [1].
Still for 2-dimensional cocycles, Bocker and Viana [6] constructed an example of
a locally constant cocycle with non-zero Lyapunov exponents that can be approx-
imated in the Ho¨lder topology by linear cocycles with zero Lyapunov exponents.
Then, we cannot expect to have continuity of the Lyapunov exponents even if we
consider higher regularity. Another counter-example in this setting has been con-
structed in [10].
A few years ago, Backes, Brown and Butler [4] proved that the continuity of
Lyapunov exponents holds when restricted to the realm of fiber-bunched Ho¨lder
cocycles over any hyperbolic system and for any ergodic probability measure with
local product structure. The main feature that fiber-bunched cocycles exhibit is
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the existence of uniform invariant holonomies. In fact, the main theorem in [4]
establishes that for continuous cocycles that admit uniform stable and uniform
unstable holonomies, denoted by Hs and Hu respectively, we have the following:
If (Aˆk, H
s,k, Hu,k)
C0
−→ (Aˆ,Hs, Hu), then λ+(Aˆk)→ λ+(Aˆ).
In particular, their theorem extends [6] and [16].
More recently, Viana and Yang [26] were able to prove the continuity of Lyapunov
exponents in the C0 topology for a subset of linear cocycles when the transforma-
tion in the base is a uniformly expanding map. In their statement, the cocycle has
non-zero Lyapunov exponents and it is not uniformly hyperbolic. This means that
the Man˜e´-Bochi phenomenon cannot be generalized to the non-invertible setting.
The main observation is that given a uniformly expanding map, we can consider its
natural extension and the lift of the cocycle. This new cocycle always admits a uni-
form stable holonomy. Therefore, the theorems in [26] suggest that the hypotheses
in [4] can be relaxed: we may only need to ask for the existence of a single uniform
holonomy.
Conjecture (Conjecture 6.3 of [25]).
If (Aˆk, H
u,k)
C0
−→(Aˆ,Hu) or (Aˆk, H
s,k)
C0
−→ (Aˆ,Hs),
then λ+(Aˆk)→ λ+(Aˆ).
The results in the present work give a partial answer to this conjecture. More
precisely, we prove that the conjecture is true if the cocycle Aˆ is Ho¨lder continuous
and non-uniformly fiber-bunched. This notion was introduced in [23] and implies
the existence of holonomies with weaker properties than the uniform ones.
In the following theorem the map in the base is a hyperbolic homeomorphism
and µˆ is an ergodic fˆ -invariant probability measure with local product structure
and fully supported. We refer the reader to next section for the precise definitions.
Theorem A. Let Aˆ be a Ho¨lder SL(2,R)-valued linear cocycle such that Aˆ is
non-uniformly fiber-bunched and admits a uniform stable holonomy. Consider a
sequence (Aˆk, H
s,k) such that Aˆk → Aˆ in the Ho¨lder topology and Hs,k → Hs in
the C0 topology. Then, λ+(Aˆk)→ λ+(Aˆ).
It is possible to obtain an analogous result for cocycles admitting only a uniform
unstable holonomy applying Theorem A to (fˆ−1, Aˆ−1).
In particular, the theorem above shows that the Lyapunov exponents of non-
uniformly fiber-bunched Ho¨lder cocycles over a uniformly expanding map vary con-
tinuously with the cocycle.
Although, the non-uniform fiber-bunching condition in the hypotheses of Theo-
rem A implies the existence of some kind of unstable holonomy for Aˆ, this new type
of holonomy does not share the uniform properties needed to apply the argument
in [4]. Several results need to be extended to our context in order to conclude the
theorem.
Observe that compared with the conjecture, Theorem A asks for higher regularity
in the cocycle. This is the case, because in the C0 topology, non-uniform fiber-
bunching does not implies the existence of non-uniform holonomies. Moreover, if
the sequence {Aˆk} converges to Aˆ in the Ho¨lder topology, then the non-uniform
holonomies exist for every Aˆk and they are continuous with the cocycle. This is
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a key property in the proof of the theorem. More precisely, it is enough to have
that {Aˆk} converges to Aˆ in the C0 topology and there exists C > 0 such that the
Ho¨lder constant of Aˆk, H(Aˆk), verifies H(Aˆk) < C for every k ∈ N.
We remark that the existence of a uniform stable holonomy in Theorem A cannot
be removed. In fact, the example of discontinuity in [6] can be taken to be non-
uniformly fiber-bunched. Therefore, we cannot expect continuity of the Lyapunov
exponents to hold in the space of non-uniformly fiber-bunched cocycles without
some extra hypotheses.
In the following theorem, which is a consequence of the results developed to
prove Theorem A, we analyze the particular case of locally constant cocycles. Let
fˆ be the left-shift map and µˆ be a fully supported Bernoulli measure.
Theorem B. Let Aˆ be a Ho¨lder SL(2,R)-valued linear cocycle such that Aˆ is non-
uniformly fiber-bunched, locally constant and irreducible. If Aˆk → Aˆ in the Ho¨lder
topology, then λ+(Aˆk)→ λ+(Aˆ).
We refer the reader to the next section for the precise definitions, but we remark
that irreducibility is a Cα dense condition among locally constant cocycles, see for
example Theorem 7.12 of [23]. This shows that the example of discontinuity in [6]
is not typical among non-uniformly fiber-bunched cocycles.
Acknowledgments. The first author would like to thank Marcelo Viana for the
guidance and encouragement during her Ph.D. Thesis at IMPA which originates
this work. The authors are grateful with Lorenzo J. Dı´az and Lucas Backes for the
useful observations and several corrections to the text.
2. Preliminaries and statements
In this section we provide the necessary definitions to give the precise statements
of the theorems. Without loss of generality, we consider the map in the base as
being a sub-shift of finite type.
Let Q = (qi,j)1≤i,j≤d be a matrix with qi,j ∈ {0, 1}. The sub-shift of finite type
Σˆ associated to the matrix Q is the subset of the bi-infinite sequences {1, ..., d}Z
satisfying
Σˆ = {(xn)n∈Z : qxnxn+1 = 1 for every n ∈ Z}.
We require that each row and column of Q contains at least one non-zero entry.
For any ρ ∈ (0, 1), we define a metric dρ in Σˆ by
dρ(xˆ, yˆ) = ρ
N(xˆ,yˆ),
where N(xˆ, yˆ) = max{N ≥ 0;xn = yn for every |n| < N}. Since the topologies
given by the different distances dρ are equivalent, from now on we consider ρ fixed.
Let fˆ : Σˆ→ Σˆ be the left-shift map defined by fˆ(xn)n∈Z = (xn+1)n∈Z. The map
fˆ is a hyperbolic homeomorphism such that for every (xn)n∈Z ∈ Σˆ the local stable
and unstable sets are given by
W sloc(xˆ) ={(yn)n∈Z ∈ Σˆ : yn = xn with n ≥ 0},
Wuloc(xˆ) ={(yn)n∈Z ∈ Σˆ : yn = xn with n ≤ 0}.
Let σ = 1/ρ where ρ is the constant in the definition of the distance. Observe
that σ is the expansion rate of fˆ .
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It is possible to express Σˆ locally as a product space if we consider the positive
and the negative coordinates separately. Define
Σu ={(xn)n≥0 : qxnxn+1 = 1 for every n ≥ 0}
Σs ={(xn)n≤0 : qxnxn+1 = 1 for every n ≤ −1}.
We denote by Pu : Σˆ → Σu and P s : Σˆ → Σs the projections obtained by drop-
ping the negative and the positive coordinates, respectively, of a sequence in Σˆ.
For each i ∈ {1, ..., d}, define [0; i] = {xˆ ∈ Σˆ : x0 = i}.
Definition 2.1. An fˆ -invariant measure µˆ has local product structure if there exists
a continuous function ψ : Σˆ→ (0,∞) such that for each i ∈ {1, ..., d},
µˆ|[0;i] = ψ ·
(
µs|P s([0;i]) × µ
u|Pu([0;i])
)
,
where µs = P s∗ µˆ and µ
u = Pu∗ µˆ.
For every x ∈ Σu, define W sloc(x) = (P
u)−1(x). Then, by Rokhlin [20], there
exists a disintegration of µˆ into conditional probabilities {µˆx}x∈Σu such that each
µˆx is supported on W
s
loc(x).
Given x, y ∈ Σu ∩ [0; i], the unstable holonomy map
hx,y : W
s
loc(x)→W
s
loc(y),
is defined by assigning to each xˆ ∈ W sloc(x) the unique element yˆ = hx,y(xˆ) ∈
W sloc(y) such that yˆ ∈W
u
loc(xˆ).
The lemma below is a well known consequence of the local product structure of
the measure, see for instance [8].
Lemma 2.2. Assume µˆ has local product structure. Then, the measure µˆ has a
disintegration into conditional measures {µˆx}x∈Σu that vary continuously with x in
the weak-∗ topology. In fact, for every x, y ∈ Σu in the same cylinder [0; i],
hx,y : (W
s
loc(x), µˆx)→ (W
s
loc(y), µˆy)
is absolutely continuous, with Jacobian Rx,y depending continuously on (x, y).
2.1. Linear Cocycles. Let Aˆ : Σˆ → SL(2,R) be a continuous map. The linear
cocycle defined by Aˆ is the skew-product over fˆ , F
Aˆ
: Σˆ× R2 → Σˆ× R2, where
F
Aˆ
(xˆ, v) = (fˆ(xˆ), Aˆ(xˆ)v).
Since the base is fixed, from now on, we identify Aˆ with F
Aˆ
and refer to Aˆ as a
linear cocycle itself.
For n ≥ 0, let
Aˆn(xˆ) = Aˆ(fˆn−1(xˆ)) . . . Aˆ(fˆ(xˆ))Aˆ(xˆ).
For a matrixB ∈ SL(2,R) define ‖B‖ = sup‖v‖=1 ‖Bv‖, where we are considering
the usual norm in R2. By Furstenberg-Kesten [12], for a continuous map Aˆ : Σˆ→
SL(2,R) and any fˆ -invariant probability measure µˆ,
λ+(Aˆ, xˆ) = lim
n→∞
1
n
log ‖Aˆn(xˆ)‖
and
λ−(Aˆ, xˆ) = lim
n→∞
1
n
log ‖(Aˆn(xˆ))−1‖−1,
are well defined µˆ-almost every xˆ ∈ Σˆ.
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Both λ+(Aˆ, xˆ) and λ−(Aˆ, xˆ) are called extremal Lyapunov exponents of Aˆ. They
are fˆ -invariant maps, thus when µˆ is ergodic they are constant µˆ-almost everywhere.
In that case, we denote them as λ+(Aˆ) and λ−(Aˆ). Since the cocycle takes values
in SL(2,R), we have λ+(Aˆ) + λ−(Aˆ) = 0.
Moreover, for a fixed ergodic measure µˆ, Lemma 9.1 of [24] states that the maps
Aˆ 7→ λ+(Aˆ) and Aˆ 7→ λ−(Aˆ) are upper and lower semi-continuous, respectively, in
the C0 topology.
Defined the set Ωs = {(xˆ, yˆ) ∈ Σˆ× Σˆ : yˆ ∈W sloc(xˆ)}.
Definition 2.3. A uniform stable holonomy for Aˆ over fˆ is a collection of linear
isomorphisms Hsxˆ,yˆ : R
2 → R2, defined for every xˆ, yˆ in the same local stable set,
which satisfy the following properties,
(a) Hsyˆ,zˆ ◦H
s
xˆ,yˆ = H
s
xˆ,zˆ and H
s
xˆ,xˆ = Id;
(b) Hs
fˆ(xˆ),fˆ(yˆ)
= Aˆ(yˆ) ◦Hsxˆ,yˆ ◦ Aˆ(xˆ)
−1;
(c) (xˆ, yˆ, ξ) 7→ Hsxˆ,yˆ(ξ) is continuous for every (xˆ, yˆ) ∈ Ω
s.
A uniform unstable holonomy for Aˆ is defined analogously for points in the same
local unstable set. We use the expression uniform invariant holonomies to refer to
both uniform stable and uniform unstable holonomies.
Fixed a distance dρ in Σˆ, the set of α-Ho¨lder maps Aˆ : Σˆ→ SL(2,R) is denoted
by Sα(Σˆ, 2). We equip this space with the α-Ho¨lder topology given by the distance
Dα(Aˆ, Bˆ) = sup
xˆ∈Σˆ
‖Aˆ(xˆ)− Bˆ(xˆ)‖+Hα(Aˆ− Bˆ),
where Hα(Aˆ) is the smallest constant C > 0 such that
‖Aˆ(xˆ)− Aˆ(yˆ)‖ ≤ C dρ(xˆ, yˆ)
α for any xˆ, yˆ ∈ Σˆ with dρ(xˆ, yˆ) ≤ 1.
We say that Aˆ ∈ Sα(Σˆ, 2) is α-fiber-bunched if there exists an N > 0 such that
for every xˆ ∈ Σˆ,
‖AˆN (xˆ)‖‖(AˆN(xˆ))−1‖−1ραN < 1.
Here ρ is the constant in the definition of the distance dρ.
The main property of α-fiber-bunched cocycles is that they admit uniform in-
variant holonomies. For a proof of this fact we refer the reader to [7].
The following definition generalizes the notion of fiber-bunched mentioned above.
However, it still allow us to prove the existence of invariant holonomies in a non-
uniform sense. See Section 3.
Definition 2.4. Let µˆ be an ergodic probability measure of fˆ . We say that Aˆ ∈
Sα(Σˆ, 2) is non-uniformly fiber-bunched if the extremal Lyapunov exponents of Aˆ
satisfy
λ+(Aˆ)− λ−(Aˆ) = 2λ+(Aˆ) < α log σ,
or, equivalently
lim sup
n
‖Aˆn(xˆ)‖‖Aˆn(xˆ)
−1
‖ ραn < 1 for µˆ-almost every xˆ,
where σ = 1
ρ
is the expansion rate of fˆ .
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We observe that when we consider less regular cocycles, the upper bound for the
top Lyapunov exponent λ+(Aˆ) decreases. Moreover, non-uniform fiber-bunching is
a C0-open condition.
As the uniform invariant holonomies may not be unique (see, for example, Corol-
lary 4.9 of [14]), we consider the cocycle and one of its holonomies in pairs. More
precisely, Hsα is the set of pairs (Aˆ,H
s) where Aˆ ∈ Sα(Σˆ, 2) and Hs is a uniform
stable holonomy for Aˆ.
Consider Hsα with the topology given by the inclusion
(1) Hsα →֒ Sα(Σˆ, 2)× C
0(Ωs, SL(2,R)).
This means that a sequence {(Aˆk, Hs,k)}k∈N converges to (Aˆ,Hs) in Hsα if Aˆk → Aˆ
in the α-Ho¨lder topology and the uniform stable holonomy converges uniformly in
every local stable set.
2.2. Statement of the theorems. With the previous definitions it is now possible
to give the precise statement of the theorems.
For the following result we consider (fˆ , µˆ) in the base, where fˆ is a sub-shift of
finite type and µˆ is an ergodic fˆ -invariant probability measure with local product
structure and fully supported. This class of measures includes the equilibrium
states of Ho¨lder continuous potentials [9] and fully supported Bernoulli measures
when fˆ is a Bernoulli shift.
We remark that fˆ needs to be transitive in order to admit a probability measure
µˆ as above.
Theorem A. Let Aˆ ∈ Sα(Σˆ, 2) be a non-uniformly fiber-bunched cocycle which
admits a uniform stable holonomy. If (Aˆk, H
s,k)→ (Aˆ,Hs) in Hsα, then λ+(Aˆk)→
λ+(Aˆ).
Let (Mˆ, fˆ) be a Bernoulli shift. That is, Mˆ = Σˆ and the matrix Q that defines
Σˆ has all its entries equal to 1. In this case, we consider the measure µˆ as a fully
supported Bernoulli measure.
We say that Aˆ : Mˆ → SL(2,R) is a locally constant cocycle if it only depends
on the zeroth coordinate, that is, Aˆ(xˆ) = A(x0) for some continuous function
A : {1, ..., d} → SL(2,R).
A locally constant cocycle Aˆ is irreducible if there is no proper subspace of R2
invariant under A(x0) for every x0 ∈ {1, ..., d}.
Theorem B. Let Aˆ ∈ Sα(Mˆ, 2) be a non-uniformly fiber-bunched, locally constant
and irreducible cocycle. If Aˆk → Aˆ in Sα(Mˆ, 2), then λ+(Aˆk)→ λ+(Aˆ).
Observe that a locally constant cocycle is α-Ho¨lder continuous for every α > 0.
Therefore, Theorem B implies that if 2λ+(Aˆ) < β log σ, then Aˆ is a C
α-continuity
point of the Lyapunov exponents for every α ≥ β.
In the following we construct an example that verifies the hypotheses of Theorem
B.
Example 1. Let Mˆ = {0, 1}Z, p =
1
2
δ0 +
1
2
δ1 and µˆ = p
Z.
Define a locally constant cocycle Bˆ : Mˆ → SL(2,R) by the matrices
B0 =
(
η 0
0 η−1
)
and B1 =
(
0 1
−1 0
)
,
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where η is a fixed constant greater than 1. Observe that λ+(Bˆ) = 0.
Consider
B1,n =
(
cos θn sin θn
− sin θn cos θn
)
,
such that θn ∈ R \Q and θn →
pi
2 when n→∞.
Let Bˆn : Mˆ → SL(2,R) be the locally constant cocycle defined by B0 and B1,n.
Observe that for every n ∈ N, the cocycle Bˆn is irreducible. In particular, by [11],
λ+(Bˆn) > 0 for every n ∈ N.
The continuity theorem of [6] implies that λ+(Bˆn) → 0 as n → ∞. Then, we
can choose n big enough such that the cocycle Bˆn is non-uniformly fiber-bunched
and therefore satisfies the hypotheses of Theorem B.
We remark that the conclusion of Theorem B applied to Example 1 does not
follow from the continuity results of either [4] or [6].
3. Non-uniform invariant holonomies
In this section, we consider a weaker version of the holonomies introduced in
Definition 2.3. In particular, for non-uniformly fiber-bunched cocycles we are able to
construct this type of invariant holonomies and to prove that they vary continuously
with the cocycle.
Recall that we consider fˆ as a sub-shift of finite type, µˆ a fully supported ergodic
probability measure and Aˆ ∈ Sα(Σˆ, 2). The hypothesis of µˆ having local product
structure is not used in this section.
Definition 3.1. A non-uniform stable holonomy for Aˆ is given by a µˆ-full measure
set M s and a collection of linear isomorphisms Hsyˆ,zˆ : R
2 → R2, defined for every
yˆ, zˆ ∈W sloc(xˆ) if xˆ ∈M
s, which satisfy the following properties,
(a) Hsyˆ,zˆ ◦H
s
wˆ,yˆ = H
s
wˆ,zˆ and H
s
yˆ,yˆ = Id,
(b) Hs
fˆ(yˆ),fˆ(zˆ)
= Aˆ(zˆ) ◦Hsyˆ,zˆ ◦ Aˆ(yˆ)
−1,
and there exists an increasing sequence {Dsl }l∈N of compact subsets such that⋃
lD
s
l =M
s and for every l ∈ N, Dsl ⊂ D
s
l+1, µˆ(Σˆ \ D
s
l ) <
1
l
and,
(c) (yˆ, zˆ, ξ) 7→ Hsyˆ,zˆ(ξ) is continuous in D
s
l for (yˆ, zˆ) ∈ Ω
s.
A non-uniform unstable holonomy for Aˆ is defined analogously for points in the
same local unstable set. We use the expression non-uniform invariant holonomies
to refer to both non-uniform stable and non-uniform unstable holonomies.
More precisely, item (c) states that for every l ∈ N and every ǫ > 0 there exists
δl > 0 such that
‖Hsyˆ1,zˆ1(ξ1)−H
s
yˆ2,zˆ2
(ξ2)‖ < ǫ,
if there exist xˆ1, xˆ2 ∈ Dsl such that yˆ1, zˆ1 ∈W
s
loc(xˆ1), yˆ2, zˆ2 ∈ W
s
loc(xˆ2) and
d(yˆ1, zˆ1) < δl, d(yˆ2, zˆ2) < δl and ‖ξ1 − ξ2‖ < δl.
Observe that the continuity of Hs depends on the set Dsl , therefore the constant
δl > 0 can be decreasing when l increases. This is one of the main difficulties when
working with Definition 3.1.
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In particular, item (c) implies that
(yˆ, zˆ, ξ) 7→ Hsyˆ,zˆ(ξ) is measurable in M
s for (yˆ, zˆ) ∈ Ωs.
We call invariant holonomies both the uniform invariant holonomies as in Defi-
nition 2.3 and the non-uniform invariant holonomies as above.
From now, in order to simplify the notation we restrict to the case α = 1,
that is, Aˆ ∈ S1(Σˆ, 2) and therefore, Aˆ is a non-uniformly fiber-bunched cocycle if
2λ+(Aˆ) < log σ. We denote Hs1 = H
s. The general case for 0 < α < 1 is analogous.
We use the next definition to prove the existence of non-uniform invariant holono-
mies. This is a consequence of the results in [23].
Definition 3.2. Given N ∈ N and θ > 0, define Ds
Aˆ
(N, θ) as the set of points xˆ
satisfying
k−1∏
j=0
‖AˆN (fˆ jN (xˆ)‖‖AˆN(fˆ jN (xˆ))−1‖ ≤ ekNθ for all k ≥ 1.
Analogously, we define Du
Aˆ
(N, θ) when the inequality is satisfied by (fˆ−1, Aˆ−1) in-
stead.
It is possible to construct the linear isomorphisms Hsyˆ,zˆ as in Definition 3.1 for
the elements in Ds
Aˆ
(N, θ).
Recall that ρ is a fixed constant associated to the distance dρ and then ρ is the
contraction rate of fˆ and σ = 1/ρ is the expansion rate of fˆ .
Proposition 3.3 (Proposition 2.5, [23]). Let Aˆ ∈ S1(Σˆ, 2). Given N ∈ N and θ > 0
with θ < log σ, there exists C = C(N, θ) > 0 such that for every xˆ ∈ Ds
Aˆ
(N, θ) and
yˆ, zˆ ∈W sloc(xˆ),
Hsyˆ,zˆ = lim
n→+∞
Aˆn(zˆ)−1Aˆn(yˆ)
exists and satisfies ‖Hsyˆ,zˆ − Id‖ ≤ Cd(yˆ, zˆ).
Proof. Define Hnyˆ,zˆ = Aˆ
n(zˆ)−1Aˆn(yˆ). In order to prove that the limit exists, it is
enough to demonstrate that {Hnyˆ,zˆ} is a Cauchy sequence.
By Lemma 2.6 of [23] we have that there exist C0 = C0(Aˆ,N) > 0 such that
‖Aˆn(yˆ)‖‖Aˆn(zˆ)−1‖ ≤ C0e
nθ,
for every yˆ, zˆ ∈ W sloc(xˆ), xˆ ∈ D
s
Aˆ
(N, θ) and n ≥ 0. This is a consequence of
Definition 3.2.
Therefore,
(2)
‖Hn+1yˆ,zˆ −H
n
yˆ,zˆ‖ = ‖Aˆ
n+1(zˆ)−1 ◦ Aˆn+1(yˆ)− Aˆn(zˆ)−1 ◦ Aˆn(yˆ)‖
≤ ‖Aˆn(zˆ)−1‖‖Aˆ(fˆn(zˆ)) ◦ Aˆ(fˆn(yˆ))− Id‖‖Aˆn(yˆ)‖
≤ C1e
nθdist(fˆn(yˆ), fˆn(zˆ))
≤ C1e
n(θ−logσ)dist(yˆ, zˆ),
here C1 depends on the Lipschitz constant of Aˆ. Since θ < log σ, we conclude
that {Hsyˆ,zˆ} is a Cauchy sequence.
Observe that Equation (2) implies the following inequality,
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(3)
‖Hnyˆ,zˆ −H
s
yˆ,zˆ‖ ≤
∞∑
j=n
‖Aˆj+1(zˆ)−1 ◦ Aˆj+1(yˆ)− Aˆj(zˆ)−1 ◦ Aˆj(y)‖
≤ C1d(yˆ, zˆ)
∞∑
j=n
ej(θ−log σ) ≤ Cd(yˆ, zˆ)en(θ−log σ).
In particular, we have ‖Hsyˆ,zˆ − Id‖ ≤ Cd(yˆ, zˆ). 
The next proposition gives sufficient conditions to guarantee the existence of
non-uniform invariant holonomies.
Proposition 3.4. If Aˆ ∈ S1(Σˆ, 2) is a non-uniformly fiber-bunched cocycle, then
Aˆ admits non-uniform invariant holonomies.
Proof. Corollary 2.4 in [23] states that if θ verifies
2λ+(Aˆ) < θ < log σ, then µˆ
(
∞⋃
N=1
Ds
Aˆ
(N, θ)
)
= 1.
Moreover, the subsets Ds
Aˆ
(N, θ) satisfy:
(a) Ds
Aˆ
(N, θ) is closed, then compact.
(b) Ds
Aˆ
(N, θ) ⊂ Ds
Aˆ
(lN, θ) for each l ≥ 1.
Therefore, we can define a sequence of compact subsets {Ds
Aˆ,l
} such that Ds
Aˆ,l
⊂
Ds
Aˆ,l+1
and µˆ(Ds
Aˆ,l
) → 1 when l → ∞. In order to verify this, we observe that for
each l ∈ N there exists kl such that
µˆ
(
kl⋃
N=1
Ds
Aˆ
(N, θ)
)
> 1−
1
l
.
Take Nl = kl!Nl−1, then consider DsAˆ,l = D
s
Aˆ
(Nl, θ).
LetM s =
⋃
lD
s
Aˆ,l
, then by Proposition 3.3, we conclude that the sets Ds
Aˆ,l
verify
all properties in Definition 3.1. Observe that the continuity required in item (c)
follows by Equation (3).
If we apply the same argument to (fˆ−1, Aˆ−1), we obtain subsets Du
Aˆ,l
that allow
us to conclude that there also exists a non-uniform unstable holonomy for Aˆ. 
We remark that the non-uniform invariant holonomies constructed in Proposition
3.4 satisfy stronger properties that the ones in Definition 3.1. By Proposition 3.3,
we have that there exists Cl > 0 such that ‖Hsyˆ,zˆ − Id‖ ≤ Cld(yˆ, zˆ) for every
yˆ, zˆ ∈W sloc(xˆ) if xˆ ∈ D
s
Aˆ,l
.
Definition 3.5. We call stable holonomy blocks for Aˆ to the increasing sequence
of compact sets Ds
Aˆ,l
= Ds
Aˆ
(Nl, θ) as in the proof of Proposition 3.4. Analogously,
we refer to {Du
Aˆ,l
} as unstable holonomy blocks for Aˆ.
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Suppose Aˆ satisfies the hypotheses of Proposition 3.4 and {Aˆk}k∈N is a sequence
of cocycles such that Aˆk → Aˆ in the Lipschitz topology. Since, λ+ is upper semi-
continuous, then
(4) lim sup
k→∞
2λ+(Aˆk) ≤ 2λ+(Aˆ) < log σ.
Therefore, we also have non-uniform invariant holonomies for every Aˆk.
In the following proposition we show that the non-uniform invariant holonomies,
given by Proposition 3.4, are continuous as a function of Aˆ. The precise statement
and proof are given for the non-uniform stable holonomy, but they are analogous
for the non-uniform unstable one.
Proposition 3.6. If Aˆ ∈ S1(Σˆ, 2) is a non-uniformly fiber-bunched cocycle, Aˆk →
Aˆ in the Lipschitz topology and xˆ ∈ Ds
Aˆ,l
, then there exists kl ∈ N such that if
k ≥ kl, H
s,k
yˆ,zˆ exists for all yˆ, zˆ ∈ W
s
loc(xˆ) and satisfies H
s,k
yˆ,zˆ → H
s
yˆ,zˆ. Furthermore,
the convergence is uniform in Ds
Aˆ,l
.
Proof. From Definition 3.2, we know that there exists an open neighborhood U l of
Aˆ in the Lipschitz topology and a constant θˆ > θ such that if xˆ ∈ Ds
Aˆ,l
= Ds
Aˆ
(Nl, θ),
then xˆ ∈ Ds
Bˆ
(Nl, θˆ) for all Bˆ ∈ U l. We assume that θ in Definition 3.5 was taken
to be uniform in U l, that is θ = θˆ.
For any sequence {Aˆk}k∈N converging to Aˆ in the Lipschitz topology, there exists
kl such that Aˆk ∈ U l if k ≥ kl. Therefore, by Proposition 3.3 the holonomies H
s,k
yˆ,zˆ
are defined for every Aˆk with k ≥ kl and for any xˆ ∈ DsAˆ,l.
Let n ∈ N and k ≥ kl. Define
Hnyˆ,zˆ = Aˆ
n(zˆ)−1 ◦ Aˆn(yˆ) and Hn,kyˆ,zˆ = Aˆ
n
k (zˆ)
−1 ◦ Aˆnk (yˆ).
By Equation (3), we know that there exists C0 > 0 and Ck > 0 such that,
‖Hsyˆ,zˆ−H
n
yˆ,zˆ‖ ≤ C0d(yˆ, zˆ)e
n(θ−log σ) and ‖Hs,kyˆ,zˆ −H
n,k
yˆ,zˆ ‖ ≤ Ckd(yˆ, zˆ)e
n(θ−log σ).
In the equation above the constants C0 and Ck depend on l and the Lipschitz
constant of Aˆ and Aˆk, respectively. Therefore, they can be chosen to be uniform
in U l.
Summarizing, there exists C > 0 such that,
‖Hs,kyˆ,zˆ −H
s
yˆ,zˆ‖ ≤ ‖H
s,k
yˆ,zˆ −H
n,k
yˆ,zˆ ‖+ ‖H
n,k
yˆ,zˆ −H
n
yˆ,zˆ‖+ ‖H
n
yˆ,zˆ −H
s
yˆ,zˆ‖
≤ 2Cd(yˆ, zˆ)en(θ−log σ) + ‖Hn,kyˆ,zˆ −H
n
yˆ,zˆ‖.
Since Hnyˆ,zˆ varies continuously with the cocycle, the proposition follows. 
4. Invariance Principle
One of the main tools in the proof of our results is the Invariance Principle, which
was first developed by Furstenberg [11] and Ledrappier [15] for random matrices and
was extended by Bonatti, Go´mez-Mont, Viana [7] to linear cocycles over hyperbolic
systems and by Avila, Viana [3] and Avila, Santamaria, Viana [2] to general (dif-
feomorphisms) cocycles. In [3] the base dynamics is still assumed to be hyperbolic,
whereas in [2], it is taken to be partially hyperbolic and volume-preserving.
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In the following, we state a version of the Invariance Principle for non-uniform
invariant holonomies. This context has been considered before in [23] for a single
stable holonomy block Ds
Aˆ,l
as in Definition 3.5.
Given Aˆ ∈ S1(Σˆ, 2) define the projectivization of the skew-product FAˆ,
P(F
Aˆ
) : Σˆ× P1 → Σˆ× P1 by P(F
Aˆ
)(xˆ, [v]) = (fˆ(xˆ), [Aˆ(xˆ)v]).
In order to simplify the notation, we denote P(F
Aˆ
) = P(Aˆ) and [v] = P(v).
Let π : Σˆ×P1 → Σˆ be the canonical projection to the first coordinate. We study
the P(Aˆ)-invariant probability measures mˆ such that π∗mˆ = µˆ. Since P(Aˆ) is a
continuous map defined on a compact space, we have that such measures always
exist.
In this context, by Rokhlin [20], there exists a disintegration of mˆ into condi-
tional probabilities {mˆxˆ}xˆ∈Σˆ along the fibers which is essentially unique, that is, a
measurable family of probability measures such that mˆxˆ({xˆ}×P1) = 1 for µˆ-almost
every xˆ ∈ Σˆ and
mˆ(E) =
∫
mˆxˆ(E ∩ {xˆ} × P
1)dµˆ
for every measurable set E ⊂ Σˆ× P1.
If Hs and Hu are invariant holonomies for Aˆ, we can define invariant holonomies
for P(Aˆ) as hsxˆ,yˆ = P(H
s
xˆ,yˆ) and h
u
xˆ,yˆ = P(H
u
xˆ,yˆ). The following definition gives a
relation between these holonomies and the disintegration of mˆ.
Definition 4.1. Let hu be a unstable holonomy for P(Aˆ) and mˆ be a P(Aˆ)-invariant
probability measure projecting to µˆ.
We say that mˆ is a u-state if there exist a disintegration {mˆxˆ}xˆ∈Σˆ and a µˆ-full
measure set Mu such that (huxˆ,yˆ)∗mˆxˆ = mˆyˆ for every xˆ, yˆ ∈ M
u in the same local
unstable set.
The definition of s-state is stated analogously. If a measure is simultaneously a
u-state and an s-state, we call it su-state.
Observe that the definition above depends only of a full measure set of Σˆ, then
the same definition can be used for uniform invariant holonomies as in Definition
2.3 or non-uniform invariant holonomies as in Definition 3.1.
If λ+(Aˆ) = 0, then Aˆ is a non-uniformly fiber-bunched cocycle and therefore
by Proposition 3.4 there exist non-uniform invariant holonomies for Aˆ, Hs and
Hu. We remark that in this case a stronger version of Proposition 3.4 can be
proved and all properties in Definition 3.1 hold true for every j ≥ 1 and every
fˆ j(yˆ), fˆ j(zˆ) ∈W sloc(fˆ
j(xˆ)). In this case, we denote hs = P(Hs) and hu = P(Hu).
Recall that Ds
Aˆ,l
has been described in Definition 3.5.
Proposition 4.2 (Proposition 3.1, [23]). Let Aˆ ∈ S1(Σˆ, 2) be such that λ+(Aˆ) =
λ−(Aˆ) = 0 and let mˆ be any P(Aˆ)-invariant probability measure that projects to µˆ.
Then, there exists a full µˆ-measure subset Esl of D
s
Aˆ,l
∩ [0; i], for every i ∈ {1, ..., d},
such that the disintegration {mˆzˆ} of mˆ satisfies
mˆzˆ2 =
(
hszˆ1,zˆ2
)
∗
mˆzˆ1
for every zˆ1, zˆ2 ∈ E
s
l in the same local stable set.
12 CATALINA FREIJO AND KARINA MARIN
Replacing (fˆ , Aˆ) by (fˆ−1, Aˆ−1) we get a disintegration which is invariant under
the non-uniform unstable holonomy over a full µˆ-measure subset Eul in D
u
Aˆ,l
∩ [0; i].
Theorem 4.3. If Aˆ ∈ S1(Σˆ, 2) and λ+(Aˆ) = λ−(Aˆ) = 0, then every P(Aˆ)-invariant
probability measure mˆ projecting to µˆ is an su-state.
Proof. By Proposition 4.2, we get that for each i ∈ {1, .., d} and l ∈ N there is a
disintegration {mˆzˆ} and a full measure subset Esl of D
s
Aˆ,l
∩ [0; i], that satisfy
mˆzˆ2 =
(
hszˆ1,zˆ2
)
∗
mˆzˆ1
for every zˆ1, zˆ2 ∈ Esl in the same local stable set.
We want to find a disintegration {mˆzˆ} invariant by the non-uniform stable ho-
lonomy in a full measure set of Σˆ.
Initially, we fix [0; i] and denote {mˆlzˆ} the disintegration of mˆ associated to
Ds
Aˆ,l
∩ [0; i]. By the essential uniqueness of disintegrations, we get that mˆlzˆ = mˆ
l+1
zˆ
for µˆ-almost every zˆ ∈ Ds
Aˆ,l
∩ [0; i] ⊂ Ds
Aˆ,l+1
∩ [0; i]. Then, for every l ∈ N, we
denote by Esl the full measure subset of D
s
Aˆ,l
∩ [0; i], satisfying that Esl ⊂ E
s
l+1 and
mˆlzˆ = mˆ
l+1
zˆ for zˆ ∈ E
s
l . Next, we define a disintegration of mˆ on each [0; i],
mˆzˆ =
{
mˆ1zˆ zˆ ∈ E
s
1 ⊂ D
s
Aˆ,1
,
mˆl+1zˆ zˆ ∈ E
s
l+1 \ E
s
l .
Let Es =
⋃
Esl . In order to prove the invariance of the disintegration by the non-
uniform stable holonomy in Es, it is enough to choose zˆ1, zˆ2 ∈ Es in the same stable
leaf and verify mˆzˆ2 =
(
hszˆ1,zˆ2
)
∗
mˆzˆ1 . As {E
s
l } is an increasing sequence of sets, there
exists l such that zˆ1, zˆ2 ∈ Esl , and then, the definition of the disintegration implies
mˆzˆ2 = mˆ
l
zˆ2
=
(
hszˆ1,zˆ2
)
∗
mˆlzˆ1 =
(
hszˆ1,zˆ2
)
∗
mˆzˆ1 .
Proceeding this way in every [0; i], we obtain a disintegration in µˆ-almost every
point in Σˆ. We conclude that mˆ is an s-state.
Applying the same argument to (fˆ−1, Aˆ−1) we obtain that mˆ is also a u-state. 
Theorem 4.3 is also true if the cocycle Aˆ admits one uniform invariant holonomy
and one non-uniform invariant holonomy. In this case, the proof follows from the
argument above and Proposition 1.16 of [7].
The following proposition is essential to prove Theorem A and the hypothesis of
µˆ having local product structure is crucial here. Both the uniform stable holonomy
and the local product structure of µˆ allow us to use the non-uniform unstable
holonomy to transport the disintegration of mˆ from a local unstable set to every
point of the cylinder in a continuous way. The result is an extension of Theorem 6
in [7], following the ideas of Proposition 4.8 of [3].
Proposition 4.4. Let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-bunched cocycle which
admits a uniform stable holonomy. If mˆ is an su-state, then there exists a contin-
uous disintegration of mˆ, {mˆzˆ}, which is invariant by P(Aˆ) and both holonomies.
Proof. We start by considering the non-uniform unstable holonomy given by Propo-
sition 3.4. By definition of su-state, there exist two disintegrations {mˆ1xˆ}xˆ∈Σˆ and
{mˆ2xˆ}xˆ∈Σˆ of mˆ, and a µˆ-full measure subset Uˆi of [0; i] for every i ∈ {1, ..., d} such
that
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(i) (hsxˆ,yˆ)∗mˆ
1
xˆ = mˆ
1
yˆ for each yˆ ∈W
s
loc(xˆ) with xˆ ∈ Uˆi (s-state);
(ii) (huxˆ,yˆ)∗mˆ
2
xˆ = mˆ
2
yˆ for each yˆ ∈W
u
loc(xˆ) with xˆ ∈ Uˆi (u-state);
(iii) mˆ1xˆ = mˆ
2
xˆ for each xˆ ∈ Uˆi (essential uniqueness of disintegration).
We consider l large enough such that the unstable holonomy block DuA,l of Def-
inition 3.5 satisfies Du
Aˆ,l
∩ Uˆi 6= ∅ for each i ∈ {1, ..., d} and fix xˆ ∈ DuAˆ,l ∩ Uˆi such
that µuxˆ(W
u
loc(xˆ)\ Uˆi) = 0. Here µ
u
xˆ is the element of the disintegration of µˆ relative
to the unstable sets of fˆ . See the definitions before Lemma 2.2.
Define mˆxˆ = mˆ
1
xˆ and
(a) mˆyˆ = (h
u
xˆ,yˆ)∗mˆxˆ = (h
u
xˆ,yˆ)∗mˆ
1
xˆ for each yˆ ∈W
u
loc(xˆ) ∩ [0; i];
(b) mˆzˆ = (h
s
yˆ,zˆ)∗mˆyˆ for each zˆ ∈ W
s
loc(yˆ) ∩ [0; i] with yˆ ∈W
u
loc(xˆ) ∩ [0; i].
By (i)-(iii), we have that mˆyˆ = mˆ
1
yˆ = mˆ
2
yˆ for every yˆ ∈ W
u
loc(xˆ)∩Uˆi and mˆzˆ = mˆ
2
zˆ
for every zˆ ∈ W sloc(yˆ) ∩ Uˆi with yˆ ∈ W
u
loc(xˆ) ∩ Uˆi. By the choice of xˆ and the fact
that µˆ has local product structure, the later corresponds to a full measure subset
of points zˆ ∈ [0; i]. In particular, {mˆzˆ}zˆ∈[0;i] is a disintegration for mˆ.
The continuity of mˆzˆ is a consequence of the fact that zˆ 7→ husxˆ,zˆ is a continuous
map, where
husxˆ,zˆ = h
s
yˆ,zˆ ◦ h
u
xˆ,yˆ,
with xˆ, yˆ, zˆ as in (a)-(b). This is true because yˆ 7→ huxˆ,yˆ is continuous in W
u
loc(xˆ)
due to xˆ ∈ Du
Aˆ,l
, zˆ 7→ W sloc(zˆ) ∩W
u
loc(xˆ) is continuous in [0; i] and (zˆ, yˆ) 7→ h
s
yˆ,zˆ is
continuous in Ωs.
By the definition of the disintegration it is clear that it is invariant by both
holonomies. 
5. Limit of su-states
In this section we prove that being an su-state is a closed property in the set of
non-uniformly fiber-bunched cocycles with the Lipschitz topology. This is used in
the next section to give a characterization of discontinuity points of the Lyapunov
exponents.
This property of su-states has already been proved in several contexts, for ex-
ample, see Proposition 5.17 of [24] for a proof for locally constant cocycles and
Lemma 4.3 of [4] and Corollary 2.3 of [21] for linear cocycles over hyperbolic maps.
For linear cocycles over partially hyperbolic diffeomorphisms, it has been stated in
Corollary 5.3 of [3] and a detailed proof can be found in Appendix A of [19]. In
these results the holonomies that are considered are uniform invariant holonomies.
Lemma 4.3 of [4] is more general that the next proposition. They allow the
measure in the base to variate by taking a sequence µˆk. Since we do not have a
complete control of the non-uniform invariant holonomies, we are not able to adapt
their argument to our context. We use the proof in [19] to obtain a result for non-
uniformly fiber-bunched cocycles. However, it is not possible to extend it to have
a sequence of measures in the base.
We prove that being and s-state is a closed property. For u-states, it is sufficient
to consider (fˆ−1, Aˆ−1).
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Proposition 5.1. Let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-bunched cocycle. Sup-
pose that Aˆk converges in the Lipschitz topology to Aˆ and let mˆk be an s-state for
P(Aˆk) projecting to µˆ. If mˆk converges to mˆ in the weak-
∗ topology, then mˆ is an
s-state for P(Aˆ).
Proof. By the semi-continuity of λ+, if Aˆ is a non-uniformly fiber-bunched cocycle,
then every Aˆk has a non-uniform stable holonomy defined in the stable holonomy
blocks Ds
Aˆ,l
of Definition 3.5. See Proposition 3.6.
We begin by fixing l0 ∈ N large enough such that DsAˆ,l0
∩ [0; i] 6= ∅ for each
i ∈ {1, ..., d}. By the construction of the sets Ds
Aˆ,l
, the same property is true for
every l ≥ l0.
We fix xˆi ∈ [0; i] for each i ∈ {1, ..., d}. For every l ≥ l0, define
Di,l = {zˆ ∈W
u
loc(xˆi) :W
s
loc(zˆ) ∩ D
s
Aˆ,l
6= ∅}.
As a result, Ds
Aˆ,l
∩ [0; i] ⊂
⋃
{W sloc(zˆ) : zˆ ∈ Di,l}.
Let Bl ⊂M be the sub σ-algebra generated by
{W sloc(zˆ) : zˆ ∈ Di,l and i ∈ {1, ..., d}}.
Therefore, the elements in Bl are the measurable sets E such that for each zˆ and
j, either E contains W sloc(zˆ) or it is disjoint from it.
We fix l ≥ l0 and for each k ∈ N define the map
h
k
yˆ =
{
hs,kyˆ,zˆ if yˆ ∈W
s
loc(zˆ) with zˆ ∈ Di,l
Id otherwise.
Here hs,k is the projectivization of Hs,k and hence it is an stable holonomy for
P(F
Aˆk
). By the definition of the sets Di,l and Proposition 3.4, we know that h
k
is
well defined.
Analogously, we define h. By Proposition 3.6, we get that h
k
yˆ converges to hyˆ
uniformly on Σˆ.
Consider mkyˆ = (h
k
yˆ)∗mˆ
k
yˆ and myˆ = (hyˆ)∗mˆyˆ for every yˆ ∈ Σˆ and,
mk =
∫
mkyˆ dµˆ and m =
∫
myˆ dµˆ.
We want to prove that mk → m in the weak-∗ topology. Then, we have to show
that
∫
ϕdmk →
∫
ϕdm for every continuous and bounded function ϕ : Σˆ×P1 → R.
By the definition of mk, we get that∫
ϕdmk =
∫ ∫
ϕ(yˆ, h
k
yˆ(v)) dmˆ
k
yˆ(v)dµˆ.
Denote ϕk(yˆ, v) = ϕ(yˆ, h
k
yˆ(v)) then,
(5)
∣∣∣∣∫ ϕdmk − ∫ ϕdm∣∣∣∣ = ∣∣∣∣∫ ϕk dmˆk − ∫ ϕdmˆ∣∣∣∣
≤
∫
|ϕk − ϕ| dmˆk +
∣∣∣∣∫ ϕ dmˆk − ∫ ϕdmˆ∣∣∣∣ .
In order to bound the first term in the last line of Equation (5), it is enough to
observe that for every k ∈ N,
ϕk(yˆ, v) ≤ sup |ϕk(xˆ, w)| ≤ C,
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and also that ϕk converges to ϕ, because h
k
yˆ → hyˆ uniformly. Therefore, given
ε > 0, there exists k0 > 0 such that for every k ≥ k0,∫
|ϕk − ϕ| dmˆk <
ε
2
.
Finally, in order to bound the second term in Equation (5), we observe that
ϕ(yˆ, v) is measurable as a function of yˆ, thus there exist a continuous function
ψ : Σˆ× P1 → R,
such that sup |ψ| ≤ sup |ϕ| and a compact set K with µ(Σˆ \K) < ε4 sup |ϕ| such that
ψ(yˆ, v) = ϕ(yˆ, v) for (yˆ, v) ∈ K×P1. As mˆk → mˆ in the weak-∗ topology, for k ∈ N
large enough, we get that∣∣∣∣∫ ϕ dmˆk − ∫ ϕdmˆ∣∣∣∣ ≤ ∣∣∣∣∫
K
ψ dmˆk −
∫
K
ψ dmˆ
∣∣∣∣+ ε4 < ε2 ,
which concludes the proof of mk → m.
Next we show that yˆ 7→ mkyˆ is B
l-measurable and as mk → m weakly-∗, this
implies that yˆ 7→ m is also Bl-measurable.
Claim 5.1. If mˆk is an s-state, then yˆ 7→ m
k
yˆ is B
l-measurable mod 0 for every
l ≥ l0.
Proof. Fix l ≥ l0. We need to proof that given any continuous and bounded
function ϕ : P1 → R, the map Φk : Σˆ → R, defined as yˆ 7→ Φk(yˆ) =
∫
ϕdmkyˆ , is
Bl-measurable mod 0.
Because mˆk is an s-state, the definition of mk guarantees that
Φk(yˆ) =
∫
ϕdmkyˆ =
∫
ϕdmˆkzˆ
is constant for every yˆ ∈ W sloc(zˆ), for µˆ
u
xˆi
-almost every zˆ ∈ Di,l. Here µˆuxˆi denotes an
element of the disintegration of µˆ along its local unstable sets. See the definitions
before Lemma 2.2.
Let E ⊂ R be a measurable set. If there exists yˆ ∈ W sloc(zˆ)∩Φ
−1
k (E), then every
wˆ ∈ W sloc(zˆ) satisfies that Φk(wˆ) =
∫
ϕdmkwˆ =
∫
ϕdmkyˆ = Φk(yˆ) ∈ E, concluding
that W sloc(zˆ) ⊂ Φ
−1
k (E).
We have proved that Φk is Bl-measurable, and then yˆ 7→ m
k
yˆ is also B
l-measurable.

Claim 5.2. If mk → m in the weak-∗ topology and yˆ 7→ m
k
yˆ is B
l-measurable mod
0, then yˆ 7→ myˆ is B
l-measurable mod 0 for all l ≥ l0.
Proof. First, we prove that yˆ 7→ Φk(yˆ) =
∫
ϕ(v) dmkyˆ converges in the weak topology
of L2(µˆ) to Φ(yˆ) =
∫
ϕdmyˆ. With that purpose, let ψ : Σˆ → R be a continuous
bounded function and observe that∫
ψΦk dµˆ =
∫
ψ(yˆ)
∫
ϕ(v) dmkyˆ dµˆ =
∫ ∫
ψ(yˆ)ϕ(v) dmkyˆ dµˆ.
Because ψ(yˆ)ϕ(v) is also a continuous function and mk → m in the weak-∗
topology, we get that∫
ψ(yˆ)ϕ(v) dmk →
∫
ψ(yˆ)ϕ(v) dm =
∫
ψΦ dµˆ.
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Then, as continuous bounded function are dense in L2(µˆ), Φk converges weakly to
Φ.
By hypothesis, we know that Φk is Bl measurable mod 0 for each l ≥ l0 and we
have to prove that Φ also is.
Since the space K ⊂ L2(µˆ) of Bl−measurable functions is convex and close.
Then, if Φ 6∈ K, by the Hahn-Banach theorem, there exists ξ ∈ L2(µˆ) such that∫
ξψ dm = 0 for all ψ ∈ K and
∫
ξΦ dµˆ > 0. Since, 0 =
∫
ξΦk dµˆ →
∫
ξΦ dµˆ, we
get a contradiction.
Finally, we conclude that yˆ 7→ Φ(yˆ) =
∫
ϕdmyˆ is Bl-measurable mod 0 for each
l ≥ l0. 
In order to finish the proof of the proposition, we prove that if yˆ 7→ myˆ is
Bl-measurable for l ≥ l0, then mˆ is an s-state.
Since yˆ → myˆ is Bl-measurable mod 0, then for each l ≥ l0, there exists a full
measure set Esl of
⋃
{W sloc(zˆ) : zˆ ∈ Di,l} that verifies
zˆ1, zˆ2 ∈ E
s
l ∩W
s
loc(zˆ)⇒ mzˆ1 = mzˆ2 ,
with zˆ ∈ Di,l, and thus
(hszˆ1,zˆ)∗mˆzˆ1 = (h
s
zˆ2,zˆ
)∗mˆzˆ2 ⇔ (h
s
zˆ1,zˆ2
)∗mˆzˆ1 = mˆzˆ2 .
Then, there is a full measure set Es =
⋃
Esl , satisfying that if yˆ ∈ E
s, then yˆ ∈ Esl
for some l, and as W sloc(yˆ) ⊂ E
s
l mod 0, we obtain that (h
s
zˆ1,zˆ2
)∗mˆzˆ1 = mˆzˆ2 with
zˆ1, zˆ2 ∈ W sloc(yˆ) mod 0. 
6. Characterization of discontinuity points
We say that a linear cocycle Aˆ ∈ S1(Σˆ, 2) is a discontinuity point of the Lyapunov
exponents, if there exists a sequence {Aˆk}k∈N such that Aˆk converges to Aˆ in the
Lipschitz topology and λ+(Aˆk) does not converges to λ+(Aˆ).
In this section, we use P(Aˆ)-invariant probabilities measures to provide a char-
acterization of these discontinuity points.
By the semi-continuity of λ+(·) and λ−(·), if Aˆ is a discontinuity point of the
Lyapunov exponents, then λ−(Aˆ) < 0 < λ+(Aˆ). Let R
2 = Es,Aˆxˆ ⊕ E
u,Aˆ
xˆ be the O-
seledets decomposition associated to Aˆ at the point xˆ ∈ Σˆ. Consider the measures
in Σˆ× P1 defined by
(6) mˆs =
∫
δ
P(Es,Aˆ
xˆ
)
dµˆ and mˆu =
∫
δ
P(Eu,Aˆ
xˆ
)
dµˆ,
They are both P(Aˆ)-invariant probability measures projecting to µˆ and moreover,
by Birkhoff’s Ergodic Theorem they satisfy,
λ−(Aˆ) =
∫
Φ
Aˆ
(xˆ, v) dmˆs and λ+(Aˆ) =
∫
Φ
Aˆ
(xˆ, v) dmˆu,
where Φ
Aˆ
(xˆ, v) = log ‖Aˆ(xˆ)v‖. Moreover, if Aˆ admits invariant holonomies, then
mˆs is an s-state and mˆu is a u-state.
Proposition 6.1 (Lemma 6.1, [3]). Let Aˆ ∈ S1(Σˆ, 2) be such that λ−(Aˆ) < 0 <
λ+(Aˆ) and let mˆ be a probability measure in Σˆ × P1 projecting to µˆ. Then mˆ is
P(Aˆ)-invariant if and only if it is a convex combination of mˆs and mˆu.
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Indeed, one only has to note that every compact subset of P1 disjoint from
{P(Es,Aˆ),P(Eu,Aˆ)} accumulates on P(Eu,Aˆ) in the future and on P(Es,Aˆ) in the
past.
The following characterization of discontinuity points was firstly introduce for
fiber-bunched cocycles in [3]. In our statement it is only required for the cocycle to
be non-uniformly fiber-bunched. Even thought the proof is the same as in [3], we
introduce it in here because it exhibit where Proposition 5.1 is needed.
Proposition 6.2 (Proposition 6.3, [3]). Let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-
bunched cocycle. If Aˆ is a discontinuity point of the Lyapunov exponents, then every
P(Aˆ)-invariant probability measure mˆ projecting to µˆ is an su-state.
Proof. By the upper semi-continuity of λ+(·), passing to a subsequence we may
assume limk→∞ λ+(Aˆk) < λ+(Aˆ). For each k ∈ N, there exists an ergodic P(FAˆk)-
invariant probability measure mˆk projecting to µˆ such that
(7) λ+(Aˆk) =
∫
Φ
Aˆk
(xˆ, v) dmˆk,
for Φ
Aˆk
(xˆ, v) = log ‖Aˆk(xˆ)v‖. If λ+(Aˆk) = 0, then any P(Aˆk)-invariant probability
measure mˆk projecting to µˆ satisfies Equation (7) and by Theorem 4.3 is an su-
state. If λ+(Aˆk) > 0, we take mˆk =
∫
δ
P(Eu,k
xˆ
) dµˆ, then it satisfies Equation (7) and
it is a u-state. Consequently,
lim
k→∞
∫
Φ
Aˆk
(xˆ, v) dmˆk < λ+(Aˆ).
Taking sub-sequences again, we may assume that (mˆk)k converges weak-
∗ to a
P(F
Aˆ
)-invariant probability measure mˆ. By Proposition 5.1, mˆ is a u-state and by
Proposition 6.1, there exists α ∈ [0, 1] such that
mˆ = αmˆu + (1− α)mˆs.
Finally, by the uniform convergence of Φ
Aˆk
→ Φ
Aˆ
, we have∫
Φ
Aˆ
(xˆ, v) dmˆ = lim
k→∞
∫
Φ
Aˆk
(xˆ, v) dmˆk < λ+(A, µˆ) =
∫
Φ
Aˆ
(xˆ, v) dmˆu,
hence mˆ 6= mˆu. It follows that α 6= 1 and
mˆs =
1
1− α
(mˆ− αmˆu)
is a u-state and therefore an su-state.
Analogously, using λ−(Aˆ), we conclude that mˆ
u is an s-state. Then, Proposition
6.1 concludes the statement. 
7. Measures induced by u-states
Recall that Σu = {(xn)n≥0 : qxnxn+1 = 1 for every n ≥ 0} is the set of sequences
with only positive coordinates, Pu : Σˆ → Σu is the projection and for x ∈ Σu,
W sloc(x) = (P
u)−1(x).
We introduce a type of measures on Σu × P1 that are induced by measures in
Σˆ×P1. For these measures it is possible to identify some geometric properties that
are enunciated next.
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Definition 7.1. A probability measure m on Σu × P1 is induced by a u-state if
there exist
(i) a continuous linear cocycle Aˆ : Σˆ → SL(2,R) that is constant along local
stable sets and admits a unstable holonomy Hu,
(ii) and a P(Aˆ)-invariant probability measure mˆ on Σˆ×P1 projecting to µˆ such
that mˆ is a u-state for hu = P(Hu) and m = (Pu × Id)∗mˆ.
Note that m = (Pu × Id)∗mˆ is a P(A)-invariant measure where A : Σu →
SL(2,R) is such that Aˆ = A ◦ Pu.
If {mˆxˆ}xˆ∈Σˆ is a disintegration of mˆ along the fibers and {µˆx}x∈Σu is a disinte-
gration of µˆ as in Lemma 2.2, then for x ∈ Σu
mx =
∫
W s
loc
(x)
mˆxˆdµˆx(xˆ)
is a disintegration of m along the fibers of Σu × P1.
We remark that the unstable holonomy in item (i) of Definition 7.1 can be either
uniform as in Definition 2.3 or non-uniform as in Definition 3.1. The first case has
been studied in Section 4.3 of [4]. In the following we focus on the second case.
Notice that we are only asking for the holonomy to satisfy Definition 3.1, we do not
required for the cocycle to be non-uniformly fiber-bunched neither the holonomy
to be given by Proposition 3.4.
Proposition 7.2. Any probability measure m induced by a u-state admits a dis-
integration into conditional measures {mx}x∈Σu that are defined for every x ∈ Σu
and vary continuously with x in the weak-∗ topology.
Proof. Let l be large enough such that the unstable holonomy blockDul in Definition
3.1 satisfies Dul ∩ [0; i] 6= ∅ for every i ∈ {1, . . . , d}.
For every i ∈ {1, . . . , d}, fix xˆi ∈ [0; i] and define
Di,l = {zˆ ∈W
s
loc(xˆi) : W
u
loc(zˆ) ∩ D
u
l 6= ∅},
and
Ci,l =
⋃
{Wuloc(zˆ) : zˆ ∈ Di,l}.
Observe that the sets Ci,l do not depend of the choice of xˆi and Dul ∩ [0; i] ⊂ Ci,l.
In the following, µˆx denotes the disintegration of µˆ along W
s
loc(x), x ∈ Σ
u, as in
Lemma 2.2.
Let ϕ : P1 → R be a continuous function and consider x, y ∈ Σu in the same
cylinder [0; i], then∫
P1
ϕ(v)dmy =
∫
W s
loc
(y)
∫
P1
ϕdmˆyˆdµˆy(yˆ)
=
∫
W s
loc
(x)∩Ci,l
(∫
P1
ϕ ◦ huxˆ,yˆdmˆxˆ
)
Rx,y(xˆ)dµˆx(xˆ) +
∫
W s
loc
(y)∩Cc
i,l
∫
P1
ϕdmˆyˆdµˆy(yˆ).
As
µˆy(W
s
loc(y) ∩ C
c
i,l) =
∫
W s
loc
(y)∩Cc
i,l
ψ(yˆ)dµˆs = µˆ(Cci,l) <
1
l
,
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we get∣∣∣∣∫
P1
ϕdmy −
∫
P1
ϕdmx
∣∣∣∣ =∫
W s
loc
(x)∩Ci,l
∫
P1
∣∣ϕ ◦ huxˆ,yˆ ·Rx,y(xˆ)− ϕ∣∣ dmˆxˆdµˆx(xˆ)
+
∫
W s
loc
(x)∩Cc
i,l
∫
P1
|ϕ|dmˆxˆdµˆx(xˆ)
+
∫
W s
loc
(y)∩Cc
i,l
∫
P1
|ϕ|dmˆyˆdµˆy(yˆ).
≤
∫
W s
loc
(x)∩Ci,l
∫
P1
∣∣ϕ ◦ huxˆ,yˆ ·Rx,y(xˆ)− ϕ∣∣ dmˆxˆdµˆx(xˆ) + 2Cl ,
where C = sup |ϕ|.
By item (c) in Definition 3.1, we have that ‖huxˆ,yˆ − Id‖ is uniformly small when
xˆ, yˆ are close, xˆ, yˆ ∈ Wuloc(zˆ) and zˆ ∈ Ci,l. Then, let ε > 0 and set l such that
4 sup |ϕ|
ε
< l, by Lemma 2.2, we can choose δ > 0, such that if d(x, y) < δ, then the
expression ‖Rx,y − 1‖L1 is small and thus ‖ϕ ◦ h
u
x,y · Rx,y(xˆ)− ϕ‖ <
ε
2 , concluding
that
∣∣∫ ϕdmx − ∫ ϕdmy∣∣ < ε. 
We want to apply this proposition to cocycles that satisfy the hypotheses of
Theorem A. Therefore, let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-bunched cocycle
which admits a uniform stable holonomy.
The following construction is due to Corollary 1.15 of [7].
Fix d points zˆ1, . . . zˆd such that zˆi ∈ [0; i] for every i ∈ {1, ..., d}. For each
xˆ ∈ [0; i], let g(xˆ) be the unique point in the intersection Wuloc(zˆi) ∩W
s
loc(xˆ). Note
that g(xˆ) = g(yˆ) if yˆ ∈ W sloc(xˆ). Define
(8) A˜(xˆ) = Hsf(xˆ),g(f(xˆ)) ◦ Aˆ(xˆ) ◦H
s
g(xˆ),xˆ.
By Equation (8) and item (b) in Definition 2.3, we conclude that A˜ is constant
along local stable sets.
Since Aˆ is a non-uniformly fiber-bunched cocycle, Proposition 3.4 implies the
existence of a non-uniform unstable holonomy Hu for Aˆ.
Let A˜ be the cocycle defined by Equation (8). We claim that A˜ admits a non-
uniform unstable holonomy H˜u. In order to prove this, we consider the µˆ-full
measure set Mu in Definition 3.1 and yˆ, zˆ ∈Wuloc(xˆ) with xˆ ∈M
u, then define
H˜uyˆ,zˆ = H
s
zˆ,g(zˆ) ◦H
u
yˆ,zˆ ◦H
s
g(yˆ),yˆ,
where Hs denotes the uniform stable holonomy of Aˆ and g(·) has been defined
above. Notice that H˜u verifies item (a)-(c) in Definition 3.1.
Given mˆ a P(Aˆ)-invariant probability measure projecting to µˆ, we construct a
new measure m˜ which is a P(A˜)-invariant probability measure also projecting to µˆ.
Let {mˆxˆ} be a disintegration of mˆ, define,
(9) m˜xˆ =
(
hsxˆ,g(xˆ)
)
∗
mˆxˆ and m˜ =
∫
m˜xˆ dµˆ.
Here hs = P(Hs).
Observe that if mˆ is a u-state for (Aˆ,Hu), then m˜ is a u-state for (A˜, H˜u).
If (Aˆk, H
s,k)→ (Aˆ,Hs) in Hs and A˜k denotes the cocycle obtained by Equation
(8) applied to Aˆk and H
s,k, then A˜k → A˜ in the C
0 topology and A˜k admits a
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non-uniform unstable holonomy H˜u,k for every k ∈ N. By Proposition 3.6, we
know that fixed l ∈ N, there exists kl ∈ N such that the continuity in item (c) of
Definition 3.1 can be taken to be uniform for H˜u and H˜u,k for every k ≥ kl.
Let mˆk be u-states for Aˆk such that mˆ
k → mˆ in the weak-∗ topology. Then, by
Proposition 5.1, mˆ is a u-state for Aˆ. Define m˜k and m˜ by Equation (9) applied to
hs and hs,k respectively.
Consider mk = (Pu × Id)∗m˜k and m = (Pu × Id)∗m˜. Observe that mk and m
are measures induced by u-states as in Definition 7.1. Therefore, Proposition 7.2
holds for m and for every mk, k ∈ N. Moreover, the observation above about the
equicontinuity of the holonomies H˜u,k allow us to conclude the following result.
Proposition 7.3. The measures mk and m admit disintegrations {mkx}x∈Σu and
{mx}x∈Σu , respectively, which are defined for every x ∈ Σu and such that for every
continuous function ϕ : P1 → R and ε > 0 there exists δ > 0 and kl ∈ N such that
d(x, y) < δ implies |
∫
ϕdmx −
∫
ϕdmy | < ε and |
∫
ϕdmkx −
∫
ϕdmky | < ε for every
k ≥ kl.
The next proposition is a consequence of Proposition 7.3 and the fact that m˜k →
m˜ in the weak-∗ topology. The proof is analogous to the proof of Proposition 4.8
of [4].
Proposition 7.4. Let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-bunched cocycle which
admits a uniform stable holonomy. Assume (Aˆk, H
s,k) → (Aˆ,Hs) in Hs and mˆk
are u-states for Aˆ such that mˆk → mˆ in the weak-∗ topology.
If m˜k and m˜ has been defined by Equation (9), mk = (Pu × Id)∗m˜k, m =
(Pu× Id)∗m˜ and {mkx} and {mx} denote the disintegrations of m
k and m given by
Proposition 7.3, respectively, then mkx → mx uniformly on x.
8. Proof of the Theorems
8.1. Proof of Theorem A. Recall that fˆ is a sub-shift of finite type and µˆ is
an ergodic fˆ -invariant probability measure with local product structure and fully
supported.
Theorem A. Let Aˆ ∈ S1(Σˆ, 2) be a non-uniformly fiber-bunched cocycle which
admits a uniform stable holonomy. If (Aˆk, H
s,k)→ (Aˆ,Hs) in Hs, then λ+(Aˆk)→
λ+(Aˆ).
Applying the results obtained in Section 7, we are able to extend the argument
of [4] to conclude Theorem A. However, we use this approach only on the second
part of the proof. For the first part, more precisely for Case I below, we use a new
strategy which we consider more efficient since shows clearly which hypotheses are
absolute necessary and which ones can be weakened. For example, we remark that
it is enough to have the non-uniform unstable holonomy defined only in finite set
of points. This observation can be useful in order to prove the general conjecture
of Viana.
Proof of Theorem A. We prove the result by contradiction. That is, suppose
that the sequence (Aˆk, H
s,k) verifies Aˆk → Aˆ in the Lipschitz topology and Hs,k
converges uniformly to Hs, but λ+(Aˆk) does not converges to λ+(Aˆ). In particular,
this implies λ−(Aˆ) < 0 < λ+(Aˆ).
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For every k ∈ N, we denote by mˆk the ergodic measure that verifies
(10) λ+(Aˆk) =
∫
Φ
Aˆk
(xˆ, v) dmˆk for ΦAˆk(xˆ, v) = log ‖Aˆk(xˆ)v‖.
We refer the reader to the proof of Proposition 6.2 for an argument that implies
the existence of these measures.
Proposition 4.4 gives us a property about su-states which allows us to understand
better the nature of these measures. Thus, the proof of Theorem A is divided into
two cases. First, we study the case where there exists a subsequence jk such that
mˆjk is an su-state for every k ∈ N. For the second case we assume that there exists
k0 ∈ N such that mˆk is not an su-state for every k ≥ k0. In order to simplify the
notation in the first case, we denote mˆjk as mˆk.
Case I: mˆk are su-states. By Kalinin [13], we know that there exists a periodic
point pˆ of fˆ such that Aˆnp(pˆ) is hyperbolic, where np = per(pˆ).
Let ipˆ be the element in {1, ..., d} such that pˆ ∈ [0; ipˆ] and let a = P(E1) and
r = P(E2), where E1 and E2 are the subspaces of R
2 associated to the eigenvalues
of Aˆnp(pˆ).
Let mˆu and mˆs be the measures defined by Equation (6). That is, mˆu and mˆs are
supported on the Oseledets subspaces associated to λ+(Aˆ) and λ−(Aˆ) respectively.
By Proposition 4.4 and Proposition 6.2, they admit continuous disintegrations sat-
isfying that mˆuzˆ = δazˆ and mˆ
s
zˆ = δrzˆ , which implies that the maps zˆ 7→ azˆ and
zˆ 7→ rzˆ are continuous. In particular, mˆupˆ = δa and mˆ
s
pˆ = δr. Therefore, the sets
M+ = {(zˆ, azˆ)}zˆ∈Σˆ and M
− = {(zˆ, rzˆ)}zˆ∈Σˆ
are compact and disjoint. In particular, there exists an ε > 0 such that
(11) d(M−,M+) > ε.
Since hyperbolicity is an open condition and Aˆk converges to Aˆ, for k large
enough, Aˆ
np
k (pˆ) is also hyperbolic. We denote as {ak, rk} the elements of P
1 defined
by the subspaces of R2 associated to the eigenvalues of Aˆ
np
k (pˆ). Then, we have that
ak → a and rk → r.
Applying Proposition 4.4 to the measures mˆk, we obtain that each mˆk admits
a disintegration {mˆkzˆ}zˆ∈Σˆ such that zˆ 7→ mˆ
k
zˆ is continuous and invariant by the
holonomies.
As a consequence of the ergodicity of µˆ, we know that for each i ∈ {1, ..., d}\{ipˆ}
there exists ji > 0 such that fˆ
ji([0; ipˆ]) ∩ [0; i] is a positive measure set. For every
i ∈ {1, ..., d} \ {ipˆ} define ji as the smaller integer with this property and for i = ipˆ
consider ji = 0.
Let l be large enough such that the unstable holonomy block of Aˆ in Definition
3.5 satisfies fˆ ji([0; ipˆ]) ∩ [0; i] ∩ DuAˆ,l 6= ∅ for every i ∈ {1, ..., d} and fix xˆi ∈
fˆ−ji([0; i] ∩ Du
Aˆ,l
) ∩ [0; ipˆ].
For each zˆ ∈ [0; ipˆ] define,
akzˆ = h
k
zˆak,
where
hkzˆ = h
s,k
yˆ2,zˆ
◦ hu,kyˆ1,yˆ2 ◦ h
s,k
pˆ,yˆ1
,
and
yˆ1 ∈ W
s
loc(pˆ) ∩W
u
loc(xˆipˆ) and yˆ2 ∈W
s
loc(zˆ) ∩W
u
loc(xˆipˆ).
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If zˆ ∈ [0; i] with i 6= ipˆ, we define akzˆ as follows
akzˆ = h
su,k
fˆji (xˆi),zˆ
◦ P(Aˆjik (xˆi))a
k
xˆi
,
where
hsu,k
fˆji (xˆi),zˆ
= hs,kyˆ,zˆ ◦ h
u,k
fˆji (xˆi),yˆ
and
y ∈Wuloc(fˆ
ji(xˆi)) ∩W
s
loc(zˆ).
We construct the map zˆ 7→ rkzˆ analogously using rk instead of ak.
With these definitions the maps zˆ 7→ akzˆ and zˆ 7→ r
k
zˆ are continuous, due to the
continuity of hkzˆ , Aˆk and h
su,k. Also, the topology in Hs and Proposition 3.6 allow
us to obtain that akzˆ → azˆ and r
k
zˆ → rzˆ uniformly on Σˆ. Recall that zˆ 7→ azˆ and
zˆ 7→ rzˆ are defined by the disintegrations of mˆu and mˆs respectively.
Since mˆk admits a continuous disintegration {mˆkzˆ} invariant by the holonomies
and mˆk is invariant by P(Aˆk), we have
(12) P(Aˆk(zˆ))∗mˆ
k
zˆ = mˆ
k
fˆ(zˆ)
for every zˆ ∈ Σˆ.
In particular, supp mˆkpˆ ⊂ {ak, rk}. Since {mˆ
k
zˆ} is invariant by holonomies, then
supp mˆkzˆ ⊂ {a
k
zˆ , r
k
zˆ} for every zˆ ∈
ˆˆ
Σ. Moreover, #supp mˆkzˆ = #supp mˆ
k
pˆ for every
zˆ ∈ Σˆ.
First, we suppose that #supp mˆkpˆ = 2 and that zˆ 7→ a
k
zˆ and zˆ 7→ r
k
zˆ are not
P(Aˆk)-invariant sections.
By Equation (12) and the observation above,
P(Aˆk(zˆ))({a
k
zˆ , r
k
zˆ}) = {a
k
fˆ(zˆ)
, rk
fˆ(zˆ)
}
for each zˆ ∈ Σˆ. By the assumption of no invariance of the sections, we have that
for every k ∈ N there exist jk > k and zˆjk such that
P(Aˆjk(zˆjk))(a
jk
ˆzjk
) = rjk
fˆ(zˆjk )
.
By compactness, there exists zˆ0 where the sequence {zˆjk} accumulates. In order
to simplify the notation we suppose that jk = k.
Next, taking ε > 0 as in Equation (11), we choose k large enough such that
d(akzˆ0 , azˆ0) <
ε
6
and d(rkzˆ0 , rzˆ0) <
ε
6
.
Therefore,
‖r
fˆ(zˆ0)
− a
fˆ(zˆ0)
‖ ≤ ‖r
fˆ(zˆ0)
− rk
fˆ(zˆk)
‖+ ‖P(Aˆk(zˆk))(a
k
zˆk
)− P(Aˆ(zˆ0))(azˆ0 )‖ <
ε
3
,
which is a contradiction to the fact that M+ and M− are separated sets. This
contradiction came from the assumption of the two sections not being invariant.
Therefore, there exists a k0 ∈ N such that for every k ≥ k0, zˆ 7→ akzˆ and zˆ 7→ r
k
zˆ
are P(Aˆk)-invariant sections. Then, it is possible to define two P(Aˆk)-invariant
measures,
mˆsk =
∫
δrk
zˆ
dµˆ and mˆuk =
∫
δak
zˆ
dµˆ.
Moreover, we have that mˆk = αkmˆ
s
k+(1−αk)mˆ
u
k with αk 6= 0, which contradicts the
ergodicity of mˆk. This contradiction arises from the assumption of #supp mˆ
k
pˆ = 2.
Summarizing, we have #supp mˆkpˆ = 1 and thus either mˆ
k = mˆsk or mˆ
k = mˆuk .
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We consider mˆk = mˆuk and conclude that λ+(Aˆk) converges to λ+(Aˆ), which it
is not possible since Aˆ is a discontinuity point of the Lyapunov exponents.
In the following, we prove that mˆk → mˆu in the weak-∗ topology. Take any
continuous bounded function ϕ : Σˆ×P1 → R and define ψk(zˆ) := ϕ(zˆ, akzˆ) for every
k ∈ N. Analogously, define ψ using azˆ instead of a
k
zˆ . Thus, we obtain a collection
of continuous functions that satisfy that for each zˆ ∈ Σˆ,
| ψk(zˆ) |< sup
(xˆ,v)∈Σˆ×P1
| ϕ(xˆ, v) | .
As akzˆ → azˆ uniformly in Σˆ, we get that ψk(zˆ) → ψ(zˆ), then the dominated con-
vergence theorem implies that∫
ϕdmˆk =
∫
ψk dµˆ→
∫
ψ dµˆ =
∫
ϕdmˆu.
Finally, using Equation (10) and the definition of mˆu, we have
λ+(Aˆk) =
∫
Φ
Aˆk
(xˆ, v) dmˆk →
∫
Φ
Aˆ
(xˆ, v) dmˆu = λ+(Aˆ),
which is a contradiction.
If mˆk = mˆsk, then the same argument as above shows that λ+(Aˆk) = 0 = λ−(Aˆk)
and it converges to λ−(Aˆ). This concludes that λ+(Aˆ) = 0 = λ−(Aˆ) which again
is not possible.
Therefore, we have established that Case I is not compatible with Aˆ being a
discontinuity point of the Lyapunov exponents.
Case II: mˆk are not su-states for every k ≥ k0. This second case is divided in
two parts.
Part I. We want to apply the results of Section 7 to this context.
Let Aˆ and Aˆk be the cocycles in the statement of Theorem A. Recall that for
every k ∈ N, mˆk is an ergodic measure that verifies Equation (10). We can assume
without loss of generality that mˆk converges in the weak-∗ topology to some measure
mˆ. Observe that mˆ is a P(Aˆ)-invariant probability measure projecting to µˆ and by
Proposition 6.1, there exists α 6= 1 such that mˆ = αmˆu + (1− α)mˆs.
Let A˜ and A˜k defined by Equation (8) applied to (Aˆ,H
s) and (Aˆk, Hs,k) respec-
tively.
For every k ∈ N, we consider the measure m˜k defined by Equation (9) applied
to a disintegration of mˆk and hs,k = P(Hs,k). Analogously, we define m˜.
Recall that Pu : Σˆ→ Σu, W sloc(x) = (P
u)−1(x) for every x ∈ Σu and µˆx denotes
the disintegration of µˆ along W sloc(x) as in Lemma 2.2.
Define mk = (Pu × Id)∗m˜
k and m = (Pu × Id)∗m˜. Observe that m
k and m are
measures induced by u-states as in Definition 7.1. Moreover, Proposition 7.3 and
Proposition 7.4 hold.
In the following, for every k ≥ k0, {mkx} denotes the disintegration of m
k given
by Proposition 7.3.
Proposition 8.1. The measures mkx are non-atomic for every x ∈ Σ
u and for
every k ≥ k0.
In order to prove the proposition above, we need the next two lemmas from [8].
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Lemma 8.2 (Lemma 5.2 in [8]). If there exists x ∈ Σu such that mkx is atomic,
then there exists γk > 0 such that for every y ∈ Σu, there exists vky ∈ P
1 such that
the measure mky satisfies γk = m
k
y(v
k
y ) > 0.
The lemma above implies that if one element of the disintegration has an atom,
then every other element of the disintegration also has an atom. Observe that γk
does not depend on y.
Lemma 8.3 (Lemma 5.3 of [8]). If y ∈ Σu verifies mky(v
k
y ) > 0 for some v
k
y ∈ P
1,
then for µˆy-almost every yˆ ∈ W sloc(y) we have m˜
k
yˆ(v
k
y ) > 0. Moreover, m
k
y(v
k
y ) =
m˜kyˆ(v
k
y ).
Proof of Proposition 8.1. Suppose, by contradiction, that there exist k ≥ k0 and
x ∈ Σu such that mkx is an atomic measure.
By Theorem 4.3 and the assumption of mˆk not being a su-state, we have that
λ+(Aˆk) > 0. Therefore,
mˆk =
∫
δ
P(Eu,k
xˆ
)dµˆ.
Since m˜k is defined by Equation (9), any disintegration of m˜, {m˜kxˆ}, verifies that
m˜kxˆ has only one atom for almost every xˆ ∈ Σˆ. This last observation combined
with Lemma 8.2 and Lemma 8.3 shows that γk is equal to 1 and there exists a
full measure subset E of Σˆ, such that m˜xˆ = m˜yˆ for every xˆ, yˆ ∈ E such that
Pu(xˆ) = Pu(yˆ).
Let xˆ, yˆ ∈ E such that yˆ ∈ W sloc(xˆ) and define g(·) as in Section 7. Therefore,
by Equation (9), (
hsyˆ,g(yˆ)
)
∗
mˆyˆ = m˜yˆ = m˜xˆ =
(
hsxˆ,g(xˆ)
)
∗
mˆxˆ.
Using that g(xˆ) = g(yˆ) if yˆ ∈W sloc(xˆ), we obtain that
mˆyˆ =
(
hsg(xˆ),yˆ ◦ h
s
xˆ,g(xˆ)
)
∗
mˆyˆ = (h
s
xˆ,yˆ)∗mˆxˆ.
This last equation implies that mˆk is an s-state, and therefore an su-state which
contradicts the assumption in Case II. This contradiction arises from the assump-
tion that there exist k ≥ k0 and x ∈ Σu such that mkx is an atomic measure, then
the proposition follows.
✷
Summarizing, we suppose that (Aˆk, H
s,k) → (Aˆ,Hs) in Hs, but λ+(Aˆk) does
not converges to λ+(Aˆ). Moreover, we assume that there exist k0 ∈ N such that the
ergodic measures mˆk that satisfy Equation (10) are not su-states for every k ≥ k0
and mˆk → mˆ in the weak-∗ topology. By Proposition 6.1, mˆ = αmˆu + (1 − α)mˆs
with α 6= 1 and by Proposition 6.2, mˆ is an su-state.
Applying Equation (8) to (Aˆ,Hs) and (Aˆk, H
s,k) for every k ∈ N, we get linear
cocycles A˜, A˜k : Σ → SL(2,R) which are constant along local stable sets. This
implies that there exist cocycles A,Ak : Σ
u → SL(2,R) such that A˜ = A ◦ Pu,
A˜k = Ak ◦ Pu and Ak → A in the C0 topology. Moreover, λ+(Aˆ) = λ+(A).
If m˜k and m˜ are defined by Equation (9), we have that mk = (Pu× Id)∗m˜k and
m = (Pu× Id)∗m˜ are measures induced by u-states as in Definition 7.1. Moreover,
there exist continuous disintegrations {mkx} and {mx} defined for every x ∈ Σ
u
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such that mkx are non-atomic measures for every x ∈ Σ
u and k ≥ k0 and mkx → mx
uniformly on x.
At this point, the argument follows in the same way as in [4], more precisely
the results in Section 7 of [4] conclude the proof of Theorem A. We provide a brief
introduction of the method they use but we do not repeat the proof here.
Part II: The energy method. The energy method was first introduced by Avila,
Eskin and Viana [1], as the starting point of on ongoing project dealing with the
continuity of Lyapunov exponents for random product of matrices in dimension
higher than 2. This argument allow them to provide an alternative proof for [6].
We refer the reader to Chapter 10 of [24] for a detailed explanation in that setting.
Roughly speaking, they use the tools of coupling and energies to prove that the
expanding point of P(A) defined by the stable subspace associated to λ−(A) is
invisible for η if η is the limit measure of a sequence of non-atomic stationary
measures ηk.
In the context of [4] the authors have to deal with a more general situation
since they have a non-atomic measure mkx in P
1 for every x ∈ Σu. However, it is
possible to extend the energy method using Proposition 7.4: mkx → mx uniformly.
Therefore, they consider a suitable family of sets Ux and apply the argument to the
measures {mkx|Ux}x∈Σ. Their approach is closer to the higher dimensional version
in [1], since they consider additive Margulis functions to conclude their result.
A special case of the energy method, using an explicit estimation, was used by
Tall and Viana [22] to study the moduli of continuity of Lyapunov exponents of
random products of matrices in dimension 2. See also Appendix A of [25].
✷
9. Proof of Theorem B
Recall that Mˆ = {1, ..., d}Z and µˆ is a fully supported Bernoulli measure.
Theorem B. Let Aˆ ∈ S1(Mˆ, 2) be a non-uniformly fiber-bunched, locally constant
and irreducible cocycle. If Aˆk → Aˆ in S1(Mˆ, 2), then λ+(Aˆk)→ λ+(Aˆ).
Proof. Since Aˆ is a locally constant cocycle, then there exists a function
A : {1, ..., d} → SL(2,R)
such that Aˆ(xˆ) = A(x0). Observe that this implies that Aˆ admits uniform invariant
holonomies and both of them are the identity.
Suppose that Aˆ is a discontinuity point for the Lyapunov exponents, then
λ+(Aˆ) > 0 > λ−(Aˆ)
and we can define measures mˆs and mˆu as in Equation (6).
Proposition 6.2 states that every P(Aˆ)-invariant measure is an su-state, in partic-
ular, mˆu is an su-state. Since Aˆ admits uniform invariant holonomies, Proposition
4.4 gives us that ξ : Σˆ → P1, defined as ξ(xˆ) = supp mˆuxˆ is a continuous section
invariant by P(Aˆ) and both holonomies.
Since the uniform invariant holonomies are both the identity, we have that ξ(xˆ) =
E where E ∈ P1 for every xˆ ∈ Σˆ. Here is where we use that Mˆ is a full shift.
Finally, as mˆu is a P(Aˆ)-invariant measure, we have that for xˆ almost every point
P(Aˆ(xˆ))∗mˆ
u
xˆ = mˆ
u
fˆ(xˆ)
.
26 CATALINA FREIJO AND KARINA MARIN
Moreover, since ξ is continuous, we have that P(Aˆ(xˆ))E = E for every xˆ ∈ Σˆ.
However, if the projectivization of Aˆ has a fixed point, then Aˆ has an invariant
subspace, which contradicts the hypothesis of irreducibility and concludes the proof
of the Theorem B. 
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